The two-loop corrections to the electroweak gauge boson quartic couplings, growing quadratically with the Higgs boson mass, are calculated in the Standard Model in the limit of large Higgs mass. The corrections to W W W W , W W ZZ and ZZZZ four-vertices are found to be an order of magnitude larger than the two-loop m 2 H corrections to light fermion and triple gauge boson vertices. For a heavy Higgs boson with a mass around 1 TeV the corrections are at the several percent level and in principle could be observed experimentally.
Introduction
The remarkable precision of the electroweak experimental data [1, 2] makes it possible to test the predictions of the Standard Model (SM) at the quantum loop level. After the successful prediction of the top-quark mass from the m 2 t one-loop electroweak radiative corrections and the actual observation of the top quark signal at the Tevatron, the mechanism of the spontaneous electroweak symmetry breaking, connected to the existence of the Higgs boson in the SM, remains the last untested property of the SM. Electroweak observables are influenced also by the presence of the Higgs boson, but contrary to the m 2 t dependence at the one-loop level they depend only logarithmically on the Higgs boson mass. From the high-precision data at LEP, SLC and the Tevatron an upper limit of m H < 430 GeV has been derived at the 95% confidence level [1, 2] . This bound is not very sharp however. It is known, that excluding one or two observables from the global SM fit weakens the bound significantly [3, 4] . The reason is that the restrictive upper bound on m H depends crucially on the world average of the effective electroweak mixing angle s 2 ef f , for which the experimental average values from LEP and SLC differ by 2.9 standard deviations [1, 2] . As an illustration of this situation it has been shown recently [4] , that employing only the LEP average one obtains a 95%C.L. upper bound for the Higgs mass larger than 800 GeV, while using the SLD value alone the corresponding bound is approximately 80 GeV. In a conservative conclusion the experimental limit may therefore be interpreted in the SM as an indication for a scale m H ≤ O(1) TeV.
In order to evaluate the heavy Higgs signal at high energy and estimate the region of applicability of the perturbation theory, the leading two-loop corrections of enhanced electroweak strength were under intense study. In particular, the high energy weak-boson scattering in the limit s ≫ m 2 H ≫ M 2 W [5] , renormalization constants at the Higgs pole [6] [7] [8] [9] , corrections to the partial widths of the Higgs boson decay to pairs of fermions [8, 10, 11] and intermediate vector bosons [12, 13] , corrections to the heavy Higgs line shape at LHC [14] and µ + µ − collider [15] have been calculated at two-loops to leading order in m 2 H . In addition, recently nonperturbative next-to-leading corrections to the Higgs propagator and Higgs boson parameters have been calculated in the 1/N expansion [16] .
However, if the Higgs boson is really heavy the study of its indirect effects at the quantum loop level at energies much smaller than m H will be one of the most important goals for the future experiments. As it was already mentioned, although at the one-loop level one might expect contributions to the W , Z vector boson mass shifts to be proportional to m 2 H , for m H ≫ M W the leading terms cancel out and only the log m 2 H dependence survives [17] . This has been referred to by Veltman as a screening theorem [17] . Motivated partly by this phenomenon, van der Bij and Veltman calculated the two-loop large Higgs mass corrections to the ρ-parameter [18] and to vector boson masses [19] . These results were verified in Ref. [20] . In these papers it has been shown that, although some of the diagrams are proportional to m 4 H , they cancel out in observable corrections, leaving only terms proportional to m 2 H . It has been proven lately to all orders that in the SM vector propagators can contribute to low energy observable quantities at most (m 2 H ) (L−1) dependence on the Higgs boson mass at the L-loop level for m H ≫ M W [21] . These two-loop large Higgs mass calculations were extended by van der Bij to the case of the triple vector boson couplings [22] . No cancellations of the leading terms happen in this case and the two-loop corrections growing like m 2 H were found in agreement with the naive power counting arguments. The same power counting shows, that only vertex functions with maximally four vector boson external legs can have two-loop large Higgs mass corrections proportional to m 2 H , while for five and higher point vertex functions no power growth of the two-loop corrections with the Higgs mass is possible.
The main objective of the present paper is to complete these calculations and obtain the analytical expressions for the two-loop m 2 H corrections to quartic electroweak gauge boson couplings in the SM in the limit m H ≫ M W at low energy E ≪ m H , and thereby to obtain the complete two-loop low energy SM effective action Γ ef f to order m 2 H . The paper is organized as follows: after some preliminary discussion of the calculational framework in Section 2, we describe the details of the calculation in Section 3. In Section 4 all the analytical results are presented. Section 5, where numerical results are given, is devoted to a discussion of the implications for the physical processes. Section 6 contains our conclusions. 
Calculational framework
The calculations are done for the SM in the 't Hooft-Feynman gauge. We neglect fermion masses, so only bosonic loop diagrams contribute [18] . In order to calculate the four vector boson vertex function contribution to the low energy effective action Γ ef f one has to take into account both one-particle irreducible (OPI) fourvertex graphs and one particle Higgs reducible graphs with four external vector particles, as shown in Fig. 1 .
Since the Higgs self energy at two-loop (one-loop) level is proportional to m 6 H (m 4 H ) and HW + W − , HZZ, Hγγ, HγZ triple vertices at two-loop (one-loop) level grow like m 4 H (m 2 H ), these Higgs reducible graphs do contribute to the leading m 2 H dependence inspite of the 1/m 2 H suppression due to the Higgs propagators. No one-particle reducible graphs contribute to two-and three-point vertices and at two-loop order only quartic W + W − W + W − , W + W − ZZ and ZZZZ vertices include a m 2 H contribution from two-loop Higgs self energy. Due to this fact, these vertices play a special role as a probe of the mechanism of the electroweak symmetry breaking sector. Since Hγγ, HγZ vertices are equal to zero at tree-level, although the Higgs reducible graphs also contribute to the γZW + W − , γγW + W − , γγZZ and other four-vertices with at least one external photon, only one-loop Higgs self energy graphs contribute.
The calculations are done in the on-mass-shell renormalization scheme [23] . In this scheme all counterterms are fixed uniquely by the requirements that the pole positions of the Higgs, W and Z boson propagators coincide with their physical masses, the corresponding residues are normalized to unity and electric charge is renormalized to give the observable value at low energy.
Since a heavy Higgs boson is a highly unstable particle there is an ambiguity in the definition of its mass [24, 25] . If the exact Higgs propagator is defined by
one can define the Higgs boson mass either as a zero of the real part of the inverse propagator
or as a real part of the complex pole
Only the complex pole mass value was shown to be gauge invariant [24, 25] . In our case, however, since the leading m 2 H term vanishes for the derivative of the imaginary part of Higgs self energy at the one-loop level
both definitions give the same value of the Higgs boson mass at the two-loop order. The necessary Higgs wave function renormalization constant and Higgs mass counterterm were calculated analytically in our paper [8] in complete agreement with the partly numerical results [6, 7, 10, 11] . The two-loop wave function and mass counterterms for electroweak gauge bosons are known since papers [18, 19] . As was mentioned in Ref. [8] there are two equivalent definitions of the on-mass-shell renormalization scheme at two-loop order: the standard one, when the one-loop counterterms are calculated including terms of O(ǫ) order, since terms proportional to ǫ can combine with 1/ǫ poles at the two-loop level to give a finite contribution, and a modified one, when one-loop counterterms are calculated only to O(ǫ 0 ) order. These two schemes are equivalent because the account of finite contributions coming from the combination of O(ǫ) oneloop counterterms with 1/ǫ overall divergence just redefines the finite parts of the two-loop counterterms. But due to tadpole diagrams special care should be taken using the modified scheme. Given the part of the SM Lagrangian describing the Higgs scalar sector
one can choose the tadpole counterterm δv 2 in such a way, that a Higgs field vacuum expectation value is
to all orders, so that tadpole diagrams and corresponding counterterms always cancel out and one can just ignore all the tadpole diagrams altogether. If all the particles are massive it is enough to require the cancellation of the one-loop tadpole diagrams with δv 2 counterterm to order O(ǫ 0 ), because for any two-loop Higgs reducible diagram with one-loop tadpole the one-loop subdiagram excluding the tadpole is finite when summed with the corresponding counterterms and terms proportional to ǫ do not contribute. This however is only true if this subdiagram is infrared finite, since counterterms cancel only ultraviolet divergences. If infrared 1/ǫ poles are present, they can combine with O(ǫ) terms resulting from incomplete tadpole and δv 2 counterterm cancellation to produce finite nonzero contribution. And this really happens for the W + W − W + W − vertex. In order to still validate the neglect of the tadpole diagrams one should either take into account the one-loop tadpole δv 2 counterterm to order O(ǫ) or regulate infrared divergences introducing an infinitesimal photon mass λ. Coincidence of the renormalized vertices in both schemes was one of the consistency checks of the calculation.
The calculation
The two-loop topologies and one-loop topologies with counterterm insertions contributing to OPI four-, three-, and two-point vertex functions are shown in Fig. 2 . The numbers in parentheses show the total number of corresponding topologies, the external lines are assumed to be topologically different. The evaluation of these graphs proceeds in a number of steps. The first step consists of the generation of all topologically distinct graphs followed by the assignment of particles to the internal lines according to the SM Feynman rules. During this procedure duplicated graphs are eliminated and symmetry factors are evaluated. The total number of graphs generated is quite large. E.g., for irreducible W + W − W + W − vertex 84698 two-loop diagrams and 2424 one-loop diagrams contribute, but of course, not all of them produce the m 2 H dependence. Since contributions growing with the Higgs mass at energies much smaller than m H are described by the low energy effective action Γ ef f given by a set of local operators, containing only a finite number of derivatives, these operators can be evaluated making Taylor expansion around zero in the external momenta. According to power counting only the first term of the expansion has a leading m 2 H dependence for four-point vertex functions with physical vector bosons as external particles. For these vertices it is enough just to set all external momenta equal to zero. However, for three-and two-point functions and four-point functions with unphysical Nambu-Goldstone scalar external particles one should keep more terms in the Taylor expansion. So at the second step explicit expressions for all the vertices are substituted and when necessary Taylor The third step consists of the elimination of diagrams that do not grow like a positive power of the Higgs mass. A procedure based on the so-called asymptotic operation method [26] is used to count the maximal power of growth with m H corresponding to a given vacuum integral.
The fourth step consists of the reduction of the remaining tensor vacuum integrals to scalar ones, removing scalar products of loop momenta in numerators and of the splitting of propagators with the same momentum but different masses via partial fractioning relations. After that everything is expressed in terms of the scalar vacuum two-loop integrals of the following form
At step five the integrals (3.1) are reduced using the recurrence relations based on the integration by parts technique [27] to the integrals of the same form (3.1) with all the powers n i ≤ 1.
And at sixth step the remaining scalar vacuum integrals are calculated using if necessary the asymptotic expansions method [26] , if both heavy Higgs boson mass m H and light M W , M Z masses enter the integral (3.1).
The procedure for the evaluation of the one-loop diagrams with the counterterm insertions is essentially the same, but of course much simpler.
Calculated OPI graphs are then substituted into the Higgs reducible graphs, as shown in Fig. 1 , to obtain corresponding operators of the low energy effective action Γ ef f . As a result all the amplitudes are expressed in terms of transcendental functions ζ(3) and the maximal value of the Clausen function Cl(π/3).
In order to check the results obtained in addition to obvious consistency checks like the finiteness of the renormalized results and symmetry properties, the other cross checks were also done. As was mentioned at the end of Section 2, we have done the calculations in two different renormalization schemes: one with zero photon mass and one-loop counterterms calculated to order O(ǫ) and the other with small nonzero photon mass λ and one-loop counterterms calculated to order O(ǫ 0 ). The results for the renormalized effective action were found to be identical. Moreover, some individual diagrams are infrared divergent and since there are no tree-level or one-loop vertices with the emission of additional photon, which would grow like m 2 H , this infrared divergences should be canceled out in the sum of all contributing diagrams. In the second renormalization scheme it is possible to explicitly observe that all singular logarithms log λ 2 really cancel out.
As a last verification of the calculation the Ward identities in the form, which is a basis of the equivalence theorem [28] ,
have been checked for all the four-particle amplitudes. Here w and z are the unphysical Nambu-Goldstone partners of W , Z bosons. In order to check the identities (3.2) all the amplitudes with three external vector bosons and one non-physical scalar were calculated. If the first external vector boson is a photon, then the identity (3.2) is just a transversality condition. The chronological product here is in fact a complete renormalized four-particle Feynman amplitude with amputated external legs, including OPI as well as oneparticle reducible graphs with light particle propagators. Usually the Ward identities (3.2) are formulated for unrenormalized fields and non-amputated external leg for ∂ µ W , w (∂ µ Z, z) lines [28] , however taking into account that non-diagonal self-energies (4.15), (4.16) also satisfy corresponding Ward identities
one can show that the identities (3.2) are really valid to two-loop order.
Analytic results
Here we present all the terms of the two-loop low-energy effective action Γ ef f to order m 2 H , which are necessary for the calculation of the electroweak gauge boson scattering amplitudes and amplitudes for the reactions of triple W W Z/ZZZ production at the CERN Large Hadron Collider (LHC) or the electronpositron linear collider, which are sensitive to quartic vector boson couplings:
where V = γ, Z or W ± and f = e or ν e . The fermionic part of the effective action is defined by
Here effective coupling constants are observable quantities, that are measured in the process of µ decay, in fermion scattering reactions at the Z boson peak, etc. They are given by the following expressions and c W in the on-mass-shell scheme is defined by
As was demonstrated in Ref. [18] , in the limit of vanishing fermion mass, no m 2 H contributions appear for twoloop diagrams with external fermion lines with subtracted one-loop subdivergences. Thus, the corrections (4.6)-(4.8) originate only from vector boson wave function, s W , c W and electric charge renormalizations at two-loop level. The expressions (4.6)-(4.8) are equivalent to the results of [18, 20] and for the observable quantities like δρ give the identical values.
The renormalized self-energies of light particles are given by 
Since mass and residue of the transverse part of the vector boson propagators are fixed via the renormalization conditions, only the finite longitudinal structure survives in (4.11), (4.12). Triple vertices with external physical electroweak gauge bosons and triple vertices with one external unphysical scalar, which are also needed for the calculation of the vector boson scattering amplitudes in 't Hooft-Feynman gauge, are given by
,
, 
As one can see from (4.18) , the electric charge of the W ± boson is not renormalized and only the anomalous magnetic moment and the longitudinal tensor, which is zero if both W bosons are physical, appear. For the ZW + W − vertex both coupling finite constant renormalization and anomalous magnetic moment interaction terms are present. The results for the γW + W − , ZW + W − vertices are equivalent to the results of Ref. [22] and give the same results for the anomalous magnetic moments and corrections to the reaction e + e − → W + W − .
And finally the following quartic electroweak vector boson vertices were obtained: 
There is a ZZZZ vertex, which is not present in the SM at the tree-level. All the other vertices with neutral gauge bosons and at least one photon vanish. Also the γγW + W − quartic coupling is generated. Obviously, the tensor structures proportional to (−71/192 + π 2 11/288), explicitly appearing in Eq. (4.26) and the expressions for the two-point functions (4.11)-(4.16), are different terms entering the chiral Lagrangian L 11 [29] 
where the Nambu-Goldstone bosons ω i are assembled in a unitary matrix Σ = exp(iω i τ i /v) and
As one can see from (4.6)-(4.8), (4.18)-(4.19) the two-loop m 2 H corrections to fermion scattering processes and triple vector boson couplings are very small, inspite of the m 2 H /M 2 W enhancements, not only because of the small two-loop factor g 4 /(16π 2 ) 2 , but also because the dimensionless coefficients themselves are quite small. E.g., the largest coefficient that enters the expression for s 2 W ef f (4.8) is approximately 0.1. The typical values for other dimensionless coefficients are several units times 10 −2 . In this respect the W + W − W + W − , W + W − ZZ and ZZZZ quartic couplings represent a drastic contrast to the other vertices. The dimensionless coefficients in (4.23), (4.24), (4.25) are about 2, i.e. about 20 times larger, than for s 2 W ef f (4.8)! As was mentioned previously, these particular vertices are distinguished, due to a contribution from two-loop Higgs self energy insertion in the Higgs-reducible graphs. These vertices receive a contribution from the ζ(3) and πCl terms, which originate only from the two-loop Higgs mass counterterm [8] as a term proportional to a linear combination 21ζ(3) − 13πCl. In a sense these couplings could be considered "genuine" quartic couplings, which are the most sensitive to the details of the mechanism of the electroweak symmetry breaking.
Numerical results
The possibilities to probe the quartic vector boson couplings through the W W -, ZZ-fusion reactions (4.1) [30] and through W W Z/ZZZ triple gauge boson production (4.2) [31] at high energy linear colliders are under intense study. In this Section we will not give any extensive phenomenological analyses, but present cross-sections and distributions for the fundamental subprocesses of electroweak gauge boson scattering reactions:
In Fig. 3 we show angular distributions for processes of type (5.1). We present these distributions both for unpolarized and longitudinal vector bosons. The energy is taken to be √ s V V = 500 GeV and the Higgs mass m H = 900 GeV. We give the results both for the tree-level and for the tree level plus the two-loop m 2 where g = e/s W . These operators introduce all possible quartic couplings among the weak gauge bosons, that are compatible with custodial SU (2) c symmetry [29] . Although our complete effective action given in Section 4 does not obey this symmetry and as a consequence can not be described by the combination of operators (5.3), (5.4), the dominating terms which originate from two-loop Higgs self energy insertions in the Higgs reducible graphs have exactly the structure of Lagrangian (5.4) . Using our expressions (4.23), (4.24), (4.25) we can calculate the coupling constant α 5 :
(5.5)
In our approach the constant α 4 should be about an order of magnitude smaller. The 90% bound, based on the hypothesis α 5 = 0, obtained by combining the e + e − → ν eνe W + W − and e + e − → ν eνe ZZ channels is |α 5 | ≤ 1.5 × 10 −3 for √ s = 1.6 TeV and integrated luminosity of 500 fb −1 [30] . For the Higgs mass of 1.5 TeV the value of α 5 from Eq. (5.5) is approximately −6 × 10 −3 (and −2 × 10 −3 for m H = 900 GeV), which is four times larger than the achievable experimental limit. This comparison is a very good indication that in the case, if a heavy Higgs scenario of the electroweak symmetry breaking is realized in nature, its indirect quantum effects could be measured.
